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1. Introduction 



The construction and the quantization of the superstring theory in anti de Sit- 
ter (AdS) spacetime have been an important subject since the original AdS/CFT 
correspondence IH 13 El was proposed. Metsaev and Tseythn ^ constructed the 
Green-Schwarz type action of the type IIB superstring in AdSs x as a sigma 
model with a coset target space PSU(2, 2|4)/[SO(4,l) x S0(5)]. Then the light- 
cone gauge-fixing of k transformations and reparametrizations on the worldsheet 
were discussed in refs. |5J E] • 

In this paper we discuss a global symmetry of the type IIB superstring in AdSs x 
by using a group theoretical method. The symmetry is represented by the super- 
group PSU(2,2|4). We use the worldsheet action of ref. [3], where the k symmetry 
is fixed by the light-cone gauge. We obtain explicit forms of the transformation 
laws for the symmetry PSU(2, 2|4) in the light-cone gauge. The transformation laws 
we obtain will be useful in constructing the Noether charges for this symmetry [U]. 
They are also useful in finding consistent truncations of the theory, which are needed 
in some recent investigations of the gauge/string correspondence |71 ISl 1^ ITU]. 



2. IIB superstring in AdSs x 

The type IIB superstring in AdSs x can be described as a sigma model 
with a target space PSU(2, 2|4)/[SO(4,l) x S0(5)]. The supergroup PSU(2,2|4) 
contains a bosonic subgroup SO(4,2) x S0(6), which is the isometry of AdSs x S^. 
Its generators are 

= pa^ jab^ j^a^ ji,^ Q±i ^ g±i ^ 

where P"^, J"^*, D, are SO(4,2) generators, are SU(4) ~ S0(6) generators, and 
^±1 g^j^g fermionic generators. Here, a,b, - ■ ■ = 0, 1, 2, 3 and = 1, 2, 3, 4 

denote S0(3,l) and SU(4) indices. The (anti-) commutation relations of these gen- 
erators are given in ref. [Sj, whose conventions we use throughout this paper. The 
generators of the subalgebra S0(4,l) x S0(5) are 

r\ J^" = i^'^ + ^P^ J^'^' = (2) 
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where A', B' = 1, 2, 3, 4, 5 are S0(5) indices and 7"^' are S0(5) gamma matrices. We 
use the hght-cone coordinates = -^(x^±x°), x = -^{x^ + ix"^), x = ■^{x^ — ix'^) 
and define P = P"" , P = , K = K'^, K = K^. 

We choose a representative of the coset space PSU(2, 2|4)/[SO(4,l) x S0(5)] as 

G = expix^P") exp{e-'Qt + erQ+' + O+'Q" + efQ"') 
X exp{r,''St + nlS^' + r]+'S~ + r^fS-') exp(0D) 
xexp{Uy^'{^^'r,J^^, (3) 

where Of = {e^')\ r/f = (r/^^t^ Qf = (Q±*)t, 5-^ = (^±i)t. The variables x^ 0, 
y"^', 6'^*, 77^* are coordinates of the coset space. We then fix the k symmetry by the 
hght-cone gauge condition j3] 

e+' = 7]+' = (4) 

and put = 6^, ri~^ = 77* for simphcity. The left-invariant Cartan one- forms 
are defined by 

G-^dG = L^T^ 

= Lp'^P'^ + ^L^V'^'' + LdD + Lk'^K'^ + Uifj + Lq'Q+ + Lq.Q+^ 
+L JQ- + + LS^Sf + + L+^^- + L+ (5) 

Using the explicit forms of the Cartan one-forms the world-sheet action in the light- 
cone gauge was obtained in ref. 



3. PSU(2,2|4) transformations 

According to the general theory of the nonlinear realization jTTl^] the PSU(2, 2|4) 
transformation of the representative Q is 

G^G' = gGh-\g), (6) 

where g is an arbitrary element of PSU(2, 2|4), and h{g) is a compensating S0(4,l) 
X SO (5) transformation which is chosen such that G' has a form in eq. Q. After 
the light-cone gauge fixing of the k symmetry we also need a compensating k 
transformation. An infinitesimal PSU(2,2|4) transformation is thus written as 

G-^5G = G-hG - a{e) + G'^S^G, (7) 



3 



where e is an arbitrary element of the PSU(2,2|4) algebra 

e = ^^P^ + ^X^^r'' + AD + CK" + vhJ'j + e-'Qt + e;Q+' 

and cr(e) is a compensating S0(4,l) x S0(5) transformation 

^ ' 2 ^ 2 



(9) 



The last term in eq. ((Tj) is a compensating n transformation. The parameters A"'', 
-y^'^' and those of the k transformation depend on e. 

The general k transformation has a form ^ 

+^5*5+ + ks,S+' + + +k+,S-' + (J"^ J^'^' terms). (10) 

The coefficients in the present convention are given by 



2i 
2i 



/'(7^')^-'^r^' 



"5 
"5 



-2i 
-2i 



:ii) 



where /i = 0, 1 is a world index on the worldsheet and «;q^\ /t^^* on the right- 
hand sides are independent transformation parameters. The L^", L^^, L^/"' are the 
pullbacks of the following one-forms to the worldsheet 



T a T a T a 

^ — J^p — 2 K' 



L^ = -L 



D, 



(12) 



For a general variation of the variables X 
G in eq. © is given by 

G-^6G = SX^^Lm^T^ 



M 



y ,6'\t]'^) the variation of 



■1 



6x- - -i{9'S9i + 9iS9') 



+e" 



+ 



+e-5<^ {l^ii + Urfff5x+^ St + e^^^ {Tt^^ - Urffi,5x+^ S+\ (13) 

where we have used the exphcit forms of the Cartan one-form in the hght-cone gauge 
given in ref. [S]. U^j is the SU(4) matrix determined by the coordinates y^' 

f/ = cosy + Z7^'n^'sini|i, (14) 

where = y^' n^' = y^' /\y\, and 6^ = U^j6^, 6i = OjiU'^Yi, etc. The com- 
pensating transformations in eq. (|7j) are chosen such that the total transformation 
(j7j) has this form. 

We are now ready to obtain exphcit forms of the PSU(2,2|4) transformations. 
We first compute the first term in eq. ((Tj). Useful formulae to do this are listed in 
Appendix. Then, we choose compensating transformations in the second and the 
third terms such that the total transformations take the form in eq. (jl3|) . Com- 
paring the results of these computations and eq. (fT^ we obtain the PSU(2,2|4) 
transformations of the variables . 

The transformations for P"^, D, J^^, J^^, J^^, J^'^' and do not need com- 
pensating K transformations and are easy to obtain. They were already given in ref. 
jUj. We give them here for completeness. 

• P"^ transformations: 

Sx" = r, ^(others) = 0. (15) 

• D transformations: 

Sx"" = -Aa;^ 50 = A, {U-^SUYj = 0, 66' = --Ad\ 6r]' = -At]\ (16) 

• J~^~ transformations: 



5x+ = -A"+x+, 6x- = \-+x-, 5x = 5(t)= {U-^5Uy 
5e' = \x-+e\ 5r^^ = lA-V- (17) 

J"*"^ and J^^ transformations: 

5x- = \-^x + A-^x, 5x = -A-^x+, ^(others) = 0. (18) 
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• J^^ transformations: 

5x = -A^'^x, 66' = -^A^^^\ 6r]' = ^A*^r/\ ^(others) = 0. (19) 

• J'j transformations: 

Sx" = S(f) = 0, 66' = -v'j6\ drf = -v'jT]^, 
{U-'6Uy, = V', + \v^'^\U-'^^'^'ur,. (20) 

• Q^' and Qf transformations: 

5x- = Ut^6' + ]^it-'6i, 56' = e-\ ^(others) = 0. (21) 
The transformations for do not need a compensating k transformation either. 

• transformations: 

Sx" = C (^x+x" -^x-x7]''+ - ^e-^V^) , 50 = -Cx^, 

St]' = -Cx^r]\ ^(others) = 0. (22) 

The compensating SO (5) transformation with the parameter y^'-^' in eq. (j2Up is not 
yet fixed. We will determine it and obtain the PSU(2,2|4) transformation of the 
independent variables y"^' in sect. 4. 

Other transformations need compensating k transformations and are more in- 
volved. 

• and transformations: 



Sx+ = X+^x + A+^x 

Aie-^^i\-^^6,r]' + \+^6\)r]^, 

6x = -A+^ (x- - -t6^ + -le-^'t'r,^ 
\ 2 4 

5ct> = -\{X^~^6\-\+-6ir^'), 



{U-HUYj = X+''6% + A+"%r/' - (trace part) + ^{}^'^'(f/-S^''''t^) 



66' = c-^'^Kq' - ^X^'-'e-^^r]^r]', 

5rf = e^'^ks' + ]^X+~^7f6' + \+''6,7]^7]\ (23) 
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where we have defined 

To obtain the form (fT^ we need to choose the parameters of the k, transformation 
as 

= X+^eW, kf = A+^e-^V- (25) 



As we will see in sect. 4 kg^, kg^ in the transformation (jzHjl are determined from 
these conditions. Similarly, we obtain other transformations and conditions on the 
parameters of the k transformations as follows. 

• K and K transformations: 



6x^ = {(x + (x)x^, 

6x- = ^le'^^'^iri'ksi + Vif^s") + + 9ik 

+Cx (^x- + ^te''^ + Cx [x- - Ue'''^ + ^te-^^x+ico\ - (Oiv'W, 



Q 



Sx = C,x^ — C,x'^ ( X 



1 



Ce"^'^ ( 1 + -ix+T]' 



Scf> = -{(x + (x) - -x+{C9\ - Ce^f]'), 

{U~'5Uyj = x+{CO\ + COjv') - (trace part) + ^{)^'^'(t/~S^'^'t^)'i, 
S9' = e-^^kg' + {(x + (x)9' + ^<e-2<^ (^1 + ^ix+r]^^ r]\ 

2\ oi 



Sn' = e^^ks' + < ( 1 - -ix+ri^ ) 9' - (xr]' + Cx+9j7]^ri' 



K 



Q 



e^*Cx^9\ kf = e-^^Cx+r]\ 



K transformations: 



(26) 
(27) 



dx'^ = C,^ [x X 



5x- = 



-X ■ X e 

2 2 



-20 



+ ^e-^'''9\9j7]^ + ^ie-^'''7]\x9i7]' + x9\) + ^e-^<^(r/2)2 



6x = C 



X 



1^0') X + le-"^ (9\ + Uxv') 



2\2 



-ie-^%9^kQ., + 9,kQ') + -^e--''{v'f^-s^ + ^.%^) + {x-f - -{9') 



-X 



1 . i_ . 
-xOiT]' + -xe\ ] , 



'j + ixrfOj — ix6^7]j — -e '''rfrjj ) — (trace part) 



59' = 

+i _ 



1 

2 



1 

-ze 
2 



6'-^r7j + -ixif ) 77* 



e^^Kg* + i^jr?^(^* + ixT^') - ^xr]^9' + iie^^^r^^r]' 



K 



and transformations: 



Sx-^ = 0, 5x^ iete\ 5(t) = -\{etv" - ^^\), 

1 1 1 3 

1 



1 



(C/-^(5C/)^,- = -{e\rf + e+^r^,-) - (trace part) + -f-^ ^ ([/- ^ [/)'. 



kf = 0. 



S""*"* and St transformations: 



5x+ = 0, 5a; = x-^(3ie\ 5(f) = ]^ix+{(5^rf + (3-%), 
Sx- = ^i^^(e-^'^^Q, - ixp.) + Ue^ie-'^^kQ' + ix(3-') 
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e^^kS, - ( 1 - Ux^ri" ) 



(C/-'(^C/)^,- = ix+{p]-rj' - (5-\) - (trace part) + -^v^'^' {U-'^i''' U) 



50' = e-^'^kg' - ixp- 



5rf = e^'^k'^' + ( 1 - 7:ix^rf ) + ix^(5jr]^rj\ 



K 



K 



+i 



(33) 



S * and S.: transformations: 



6x+ = 0, 6x = xfifO' + Ue-^'^P^'r^i, 



5x 



{u-'6uy 



4 



+ -ie 



1 



Oj - ^ixrjj ) r]^P^'r]i - [9^ + ^ixr]^ ) rj^P^irf 



1 



+ ixT]') + - ix7]j) - (trace part) + 1^^'^' ([7-17^'^' [/)',-, 



= e-5<^/€Q* + jSn^e' + i[x- - -iff' ] (3+' + -e-2<^/5+^' 77^77 



—ixe^'I'P 



+1 



— e 2'' 



(34) 
(35) 



4. Compensating SO(5) and k transformations 

Here we fix the compensating SO (5) and k transformations left undetermined 
above. Let us first consider the S0(5) transformations. The PSU(2,2|4) transfor- 
mations of U obtained in eqs. §^ have a form 

iU-'6Uy, = v^, + \v^'^'iU~'^^'^'uy,, (36) 

where v^j is a given function of the variables X^''^ and the transformation parameters, 
and v"^'^' represents a compensating SO (5) transformation. On the other hand, a 
variation of the independent variables y"^' in eq. |n|l gives 



1 .sin 


y\ 


2 


y 





'B' ^A'B'\x„.B' 



\y\ 2 
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We choose the compensating SO (5) transformations such that eq. has the form 
Decomposing v^j in eq. (jH^I) as 



{31 



we find that v and the PSU(2, 2|4) transformations of y are given by 



2 



A'B'.B' 



A' R' 





y 




tan 


y\ 



(39) 



Next, we shall obtain Kq*, kg'^ from the conditions on Kq*, k^^* in eqs. fl25|) . 
dSni), dSH), dSSl), dSSI), which we write as 



r^n — ' r 



(40) 



From eq. (fTT|) these conditions are satisfied if we choose the independent n transfor- 
mation parameters as 



1 r 

fjL—i ^ ■ ' C 



4 L. 



8 L, 



(41) 



where = +, — are indices of the world-sheet light-cone coordinates. Substituting 
these equations into Kq*, k^* in eq. (fTT|) we obtain 



1 ( S+x ^ 



J A' T A' \ 



1 

4 \ ' 9_x 



1 / 1^ 



+ ^— I 



T A' r A' 



1 

6 

2 V c}+x+ ' 



(42) 



where we have used the explicit forms of eq. (fT^ given in ref. [S] 

Z/,,^ = e'^diiX'^ , L,, = e'^dii.x. 



-'11-^1 



A' 



[d,UU-'r^ + i[fff,,--r,Hi]d,x+ 



(43) 
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Using these R-'s in eqs. (^^, ^ we obtain explicit transfor- 

mation laws. 

From eq. (jHUj) we see that the Q~ transformation of vanishes. This means in 
particular that the commutator of two Q~ transformations is zero on x~^, which at 
first sight looks inconsistent with the PSU(2,2|4) algebra 

{Q-\Qj} = zP-6i. (44) 

This apparent inconsistency can be resolved as follows. Since we have not fixed 
a gauge for reparametrizations on the worldsheet, the commutator algebra closes 
up to a reparametrization. From eqs. (jHUj) . (jSH), the commutator of two 
transformations on x, which should vanish according to the PSU(2, 2|4) algebra (jUJ, 
becomes 

[SQ-iet),SQ-{et)]x = {ed+ + rd^)x, (45) 

where 

e^ = ^^^(4e^^-44^)- (46) 

This is a reparametrization with the parameters As the reparametrization of x~^ 
with these parameters is 

ieO^ + rd-)x^ = ^(e+ef - e+e+^), (47) 

the commutator on x~^ can be written as 

[SQA4),SQ-i4)]^^ = -^{4^4' - 4dl + {Cd- + ed+)x^. m 

The first term on the right-hand side is a transformation of x~^ expected from the 
PSU(2,2|4) algebra (jH)). Thus, the algebra is satisfied up to a reparametriza- 
tion. 

Appendix 

We summarize formulae useful in computing G~^tG. From the formula 

e^Se"^ = B + \A,B] + ^[A, [A, B]] + [A, [A, B]]] + ■ ■ ■ (49) 
we obtain the following identities. 

g-x.P jafegX.P _ jab _ ^apb ^ pa ^ 
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^-x-Pj^a^x-P ^J^a_ ^aj^ ^ jba ^ _ p _ _ ^ pa ^ 

^^x-Pg-i^x-P ^ g-i _ i^-Q+i _ l^Q-i^ 

-e-Q+jxx^e-Q+ ^ jxx _ ^(^0iQ+ _ 0.Q+i) _ ^ie^P+, 
9.Q+j-x^e.Q+ ^ j-x _ g^Q- _ \-g2p 

^-e.Q+ p,^e.Q+ ^p>_Iq.q+^ 

I 2 

-n-Q+x.^vQ+ = ji^ _ QiQ+ + Q.Q+i _ iQiQ.p+ _ (trace part), 
e.Q+Q+i^e-Q+ ^ Q+i + i0ip+^ 

^■^^Q-'e^-^^ = + i0'P, 

-e-Q+ g+i^e-Q+ _ g+i _ Qij+x 

-e-Q+ g-i^e-Q+ ^ g-i + ^ ( J+- _ Jxx _ ^ gj ji , 

2 ■'2 

^-vS+p^ri-S+ ^p_ ■^,Q+i ^ 1^^2J+^ 



e-v-s+p,evs+ ^ p, + }Lrj-S+, 



2 



vs+j+-evs+ = J+- + -rj.S^, 

2 
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r' + \{r,^St-V^S^')-\^v'K\ 




fj - r]'S^ + r]jS^' + ir]'r]jK^ - (trace part), 
- irfK. 



(50) 
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